Integrability of the quantum Boussinesq equation for c = −2 is demonstrated by giving a recursive algorithm for generating explicit expressions for the infinite number of commuting charges based on a reduction of the W ∞ algebra. These charges exist for all spins s ≥ 2. Likewise, reductions of the W ∞/2 and W (1+∞)/2 algebras yield the commuting quantum charges for the quantum KdV equation at c = −2 and c = 1 2 , respectively.
I. INTRODUCTION
Both the classical KdV and Boussinesq equations are integrable Hamiltonian systems, i.e., there are an infinite number of integrals of local polynomials in the fields and their derivatives, or charges, whose Poisson brackets with both the Hamiltonian and each other vanish [1] . Of course, this implies an infinite hierarchy of equations, however we refer only to the lowest-dimensional member. The algebra of fields induced by the second Poisson bracket for the KdV and Boussinesq equations give, respectively, the Virasoro and classical W 3 algebra. We will study quantum versions of the KdV and Boussinesq theories, which share the classical theories' integrability. (T T )(z)dz, where the parentheses denote a normal-ordering of the quantum fields, to be defined below [2] . They found the existence of quantum charges H s of spin s, one for each odd spin 1 ≤ s ≤ 9, and postulated that charges exist for each odd spin. They also noticed that these conserved charges took a particularly simple form when the central charge, c = −2.
The quantum Boussinesq theory has fields whose commutators are those of the W 3 extended conformal algebra and likewise has a integrable classical limit as the central charge c → ∞ and the commutators are replaced with Poisson brackets. The equations of motion for the fields T (z) and W (z) in this theory arė
The dot indicates the derivative with respect the "time" variable, actuallyz. (Note that the field theory is formulated using light-cone quantization and that the fields T and W depend on both z andz, however we drop thez dependence for notational simplicity.) The fields T and W are the currents of the W 3 extended conformal algebra with central charge c and with operator product expansions (OPEs) [3] T (y)T (z) = c/2
Parentheses around operators denote normal ordering defined by
Assuming spatial periodicity, Fourier modes for the fields may be introduced, which then gives the usual commutation relations for W 3 modes. Kupershmidt and Mathieu considered the quantum Boussinesq theory for generic central charge and found quantum charges for the first few lowest spins s for s = 0 mod 3 [4] . The classical Boussinesq equation also lacks charges for these values of the spin.
The quantum charges for the quantum KdV and Boussinesq theories may be related, through a quantum Miura transformation, to the charges of A 1 and A 2 Toda field theory, respectively. Quantum Toda field theories have been proven to be integrable, i.e., there exist an infinite number of mutually commuting charges which also commute with the Hamiltonian [5] . However, this proof is not constructive in the sense that explicit forms for the conserved charges are not given.
In this paper the commuting charges for the quantum Boussinesq theory for c = −2 are constructed using the reduction of the W ∞ algebra to normal-ordered products of W 3 currents as described in Ref. [6] . We find similar reductions of the infinite-dimensional algebras W ∞/2 and W (1+∞)/2 which allow a construction of the commuting charges for the quantum KdV theory at c = −2 and c = 1/2. Finally, the construction of the commuting conserved charges for the associated A 1 and A 2 Toda field theories are briefly described.
II. QUANTUM CONSERVED CHARGES FROM W ∞
First the construction of W N from W ∞ at c = −2 given in Ref. [6] is reviewed. The authors used a representation of the W ∞ currents V (i) , with spin i + 2, for c = −2 in terms of fermionic ghost fields b(z) and c(z) as
with a j (i) the constants
and (a) n ≡ Γ(a + n)/Γ(a) [7] . The only non-zero OPE of the fermion fields is b(z)c(w) ∼ 1/(z − w). q is an arbitrary parameter which fixes the normalization of the currents; q 2 = 1/16 in Ref. [6] however throughout this paper q 2 = 1/24 is chosen to agree with the normalization of Eqs. 4-6 with the definitions
. By requiring the vanishing of quartic fermion terms resulting from the normal-ordered product of two W ∞ currents in the fermion representation Eq. 9, it was shown that the W ∞ current V (i) for i ≥ 2 may be expressed in terms of only currents of lower spin as
where [x] denotes the integer part of x. The coefficients β i , b
c i is defined by
with the central charge c = −2 and
For example, the first few lowest spin currents may be written as
If one defines the mode expansion for W ∞ currents as
the commutation relations for the modes then have the standard form for Virasoro quasiprimary fields [8] [
where
with c ijk r,s = (−1)
∆ i = i + 2 is the conformal dimension of the field V (i) . The structure constants are [9]
for i + j − k even and 0 otherwise. The central term is D ij = δ ij c i with c i defined in Eq. 15. The W ∞ algebra has an infinite-dimensional Abelian subalgebra consisting of the modes V −i−1 in the c = −2 fermion representation, Eq. 9, are those used in Ref. [10] to construct charges of the quantum KdV equation. They are
with the tilde denoting proportionality up to an (inessential) constant. In fact the modes V (i)
−i−1 of the dimension i + 2 currents of any Lie algebra of Virasoro quasi-primary fields form an Abelian subalgebra if the structure constants C i+j+1 ij vanish. The procedure to generate the quantum conserved charges for the Boussinesq theory is similar to the construction of the c = −2 W 3 currents in terms of W ∞ currents described in Ref. [6] . First the W ∞ currents T ≡ V (0) and W ≡ V (1) are regarded as fundamental and the currents with higher spin are replaced by their expressions quadratic in lower spin currents using Eq. 11. This is a recursive procedure which results in a representation of the W ∞ algebra by normal-ordered products of W 3 currents. The commuting charges are then the contour integral of these reduced W ∞ currents as given in Eq. 23. This procedure readily yields the charges for quantum Boussinesq theory as follows
These expressions have been multiplied by constants for convenience since this does not affect their commutativity. The following equation for the normal-ordered commutator
in terms of the operators {AB} n (z) appearing in the OPE of A(y) and B(z)
with M is a positive integer, as well as the rearrangement relation
have been used to simplify the resulting expressions. Unlike for generic values of the central charge, one finds that charges exist for all integer spins s ≥ 1 for c = −2. W N minimal models, whose Verma modules contain an infinite number of singular vectors, exist for certain values of the central charge c specified by two relatively prime integers p and p ′ according to
In the case of c = −2 W N minimal models exist for all N (p ′ = N − 1, p = N). Consider the conservation of the charge H 3 . The commutator depends only on the simple pole term and givesḢ
with Ξ(z) ≡ −8(T ∂W )(z) + 12(∂T W )(z) + ∂ 3 W (z). The total derivative terms as well as Ξ(z) vanish resulting in a conserved H 3 . Ξ(z) vanishes since it is a null descendent of the Virasoro primary field W (z) at level 3. In other words, defininĝ 
III. REDUCTION OF W ∞/2
The W ∞ algebra contains an infinite-dimensional subalgebra W ∞/2 consisting of only the even spin currents of W ∞ . One may see from Eq. 17 that a different set of normal-ordered products of lower-dimensional currents is necessary for the reduction of W ∞ /2, however the central charge is the same as in the W ∞ reduction, namely c = −2. The general form of the reduction is
Although there is no simple expression for the coefficients they may be found in the same manner as for the reduction of W ∞ . The coefficients b
are determined by the vanishing of quadratic fermion terms in the sum of normal-ordered products of currents. This leads to a linear system of equations
with a j (i) given by Eq. 10. This has a unique solution up to an overall multiplicative factor which may be absorbed in the coefficient β i . The remaining coefficients may then be found by considering the central term in the operator product expansion of two currents as explained in Ref. [6] . The reduction of W ∞/2 for the lowest spin currents is then
Following the same procedure as in the preceding section, one then obtains the quantum commuting charges for the quantum KdV at c = −2. These are the charges found previously in Ref. [10] , namely
. (((T T )T )T ) . . . T )(z)dz with n factors of T.

IV. REDUCTION OF W (1+∞)/2
W 1+∞ is another infinite-dimensional Lie algebra generated by fields quasi-primary with respect to T ≡ V (0) of spins i ≥ 1 [11] . One finds a reduction of this algebra for c = . The commutation relations for the modes are given by Eq. 19 with structure constants
and central terms
Since we would like to consider only currents of conformal dimension ∆ i ≥ 2 we restrict to the subalgebra W (1+∞)/2 of even-dimensional currents. We find a representation of this subalgebra at central charge c = by a real fermion ψ as
with ψ(z)ψ(w) ∼ 1/(z − w). Note that this is not the usual representation of W 1+∞ by complex fermions, which has central charge c = 1 [12] . Again, using the methods of Ref. [6] and a reduction of the form in Eq. 11 with a summation only over even-spin currents, we obtain the following reduction for the lowest spin currents:
− 50 15309
is a basis of simple roots for A N , which we may normalize to |α i | 2 = 2, β is a real coupling constant, and φ is a set of N hermitian scalar fields. This theory is a conformal field theory with central charge c = N [1 − (N + 1)(N + 2)(2β − 1/β) 2 ] [13] . The algebra of the quantum charges for A N Toda field theory is the W N +1 algebra whose currents are found from the quantum Miura transformation. This has the following generating expression: (N − 1)γ 0 ∂U 2 , and the higher spin currents of the W N algebra are found by projecting to Virasoro quasiprimary combinations of the U i [15] . The U i (z), and hence any products of modes of them, commute with each term in the Toda Hamiltonian Eq. 40. These terms in the potential are generalization of the screening currents of the Feigin-Fuchs formulation of minimal conformal models, i.e., they have conformal dimension one.
Consider, more specifically, A 2 Toda field theory. Any sum of normal-ordered products of T and W and their derivatives commute with the Hamiltonian V 0 . The difficulty is to find a commuting set. Charges which commute, modulo singular vectors of the W 3 representation, are provided by Eq. 24 for c = −2. Unlike in the fermion representation of Eq. 9, the singular vectors do not vanish identically in the boson representation. The boson operators corresponding to these singular vectors should be set equal to zero, which results in an irreducible representation of the W 3 algebra. Thus, one obtains an infinite set of charges which commute modulo singular vectors for A 1 Toda field theory with couplings β + = ( √ 2/8)(1 + √ 17) or β + = ( √ 3/24)(1 + √ 97) and for the A 2 theory with coupling β + = 2/3 using the preceding reductions. Because of a coupling duality, these are also charges for the corresponding Toda field theories with coupling β − = −1/(2β + ).
VI. CONCLUSION
We have presented a single reduction of each of W ∞ , W ∞/2 , and W (1+∞)/2 for given values of the central charge. One may show that these are the only reductions of these algebras. This is demonstrated by considering the general form of the reduction of the spin 4 current as V Furthermore, one may also try to find other infinite-dimensional Lie algebras of quasiprimary fields formed from modes of W 3 fields T and W . However, by examining the commutators for the unique spin 4 field, one finds that there is only one algebra, the W ∞ algebra with c = −2, with exactly one quasi-primary field for each conformal dimension ∆ i ≥ 2 generated by modes of T and W .
There are several interesting questions to investigate further. Since we have explicit expressions for commuting quantum charges of the quantum Boussinesq and quantum KdV theories, one may be able to find the common eigenvalues and eigenstates of these charges. In addition, it is not known whether there are similar infinite-dimensional Lie algebras of Virasoro quasi-primary fields, which likewise give the commuting quantum charges, for theories whose fields are currents of other finite-dimensional W algebras. Finally, since W algebras for certain values of the central charge may be represented via the Kac-Moody algebra coset construction, one may find that the Abelian subalgebra of the quantum charges has a simpler form in that case [16] .
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